hep-th/0209lM 



November 2002 



Fractional BPS Multi- Trace Fields of AT = 4 
SYM4 from AdS/CFT 



Thorsten Leonhardt, Ahmed Meziane and Werner Riihl 

Department of Physics 
Erwin Schrddinger Strafie 
University of Kaiserslautern, Postfach 3049 
67653 Kaiserslautern, Germany 

tleon, meziane, ruehl@physik.uni-kl.de 



Abstract 

We prove inductively that every /c-trace operator of SO{Q)r irrep with Young 
tableau partition {ri,r2,r3}, constructed out of k chiral primaries in the twenty 
dimensional SO{Q)r irrep, leads to a quasi primary field with protected conformal 
dimension. Our argument is based on perturbative evaluations of certain four 
point functions up to order l/N"^. 



1 Introduction 



The Maldacena conjecture [jT], H, Q has opened a way of finding nontrivial state- 
ments about certain conformal field theories. Its actually most fruitful example is 
the duality between A/" =4 supersymmetric Yang Mills theory in four dimensions 
and type II B string theory in the AdSs x background. Since in this highly 
supersymmetric gauge theory one has a free parameter, namely the gauge cou- 
pling constant, one can compare results from the weak coupling regime, which 
can be treated via perturbative techniques, with those from the strong coupling 
regime. The latter is accessible via the AdS/CFT duality. This will also be the 
philosophy of the current work, where we use the AdS/CFT correspondence to 
show that certain anomalous dimensions vanish at strong coupling. 

In A/" = 4 superconformal Yang-Mills theory SYM4 an infinite number of chiral 
primary fields 

= trsu{N){^^''^'' ■ ■ ■ ^''"^ - traces} (1) 

exists, which is formed from the scalar fields $ in the gauge supermultiplet by a 
trace over the SU{N) gauge labels. The superscripts {i} denote the components 
of an S0{6)ji vector and the rank m symmetric tensor is made traceless by explicit 
subtraction. In Dynkin labelsQ of SU{4:) the representation (|I|) is [0,m,0] and its 
dimension is 

= ^(m + l)(m + 2)2(m + 3). (2) 

It is well known that the chiral primary fields (j^) belong to short multiplets and 
that their conformal dimensions are protected 

A(O^) = m. (3) 

In this work we consider composite fields which are produced from k fields 
02{x) by a certain stepwise fusion, see section 2. In general these composite fields 
are spacetime tensors of rank /, they have approximate dimension 

A = 2k + l, (4) 

and are S0{6)r traceless tensors, which we want to describe by S0{6)r Young 
tableaus. Each such tableau has at most three rows of length ri > r2 > > , 
{ri, r2,rs}. We want to exclude contractions of S0{6)r vector labels throughout, 
such that 

ri + r2 + = 2k, (5) 

and {ri,r2,r3} is a partition of 2k. Our fusion procedure produces a tower 
of quasi-primary (or mixtures of quasi-primary ) fields with increasing /. The 

^ We use brackets for SU (4)/} Dynkin labels. 
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minimal / is Iq 



, ,0 if ri, r2, rs are all even; 
k = s (6) 
1 if only one is even. 



It is important to point out that the composite fields with lo = cannot be super- 
symmetric descendants, since the minimal dimension for operators composed of 
k operators O2 is reached by the Iq = fields due to (||), and each supersymmetry 
charge raises the dimension by 1/2. On the other hand, with the help of |Q one 
can show that the composite fields with lo = 1 can be obtained by the application 
of two (different) supersymmetry charges from a composite field with the same 
number of 5*0(6)/? blocks. Thanks to supersymmetry the composite fields with 
/o = 1 inherit their properties from those with Iq = 0. 

The representation of S0{6)r characterized by the partition {ri,r2,r3} is 
reducible if > 0. It decomposes into a conjugate pair of a self-dual and an 
antiself-dual representation with Dynkin labels 

[r2 - rs, n - r2, r2 + r^] © [r2 + rs, ri - r2, r2 - rs]. (7) 

We will show that in the case / = lo these fields have protected dimensions 2n + lo- 
The scalars {lo = 0) probably belong to |-BPS multiplets, whereas the vectors as 
supersymmetric descendants might be |-BPS or |-BPS fields as well. If rs = 
then the Dynkin labels reduce to 

[r2,ri - r2,r2]. (8) 

We find that the corresponding field with / = Iq has a protected dimension and 
the scalar supposedly belongs to a ^-BPS multiplet. Again, the BPS-type of 
the vector can only be determined in a case by case consideration. Finally for 
^"2 = ''"3 = we are led to 

[0,ri,0] (rieven); (9) 

which is the case dealt with by Skiba if / = and belongs to |-BPS multiplets 
presumably. Our proof of protectedness is based on AdS/CFT correspondence 
and a perturbative expansion in and takes account only of the first order 

In our construction the number of SU{N)-tTaces is maximal. Other authors 
1^ have investigated similar problems with fields containing two and three traces 
only, and then resolved the mixtures of the quasi-primary fields algebraically or 
numerically. Instead we assume that for I = lo we obtain pure quasiprimary 
fields. This assumption is based on the fact that in free field theory there is no 
freedom to place one {Iq = 1) or no {Iq = 0) derivatives into a normal product. 
However, for I > Iq there is always such freedom and mixtures must appear. 

Further results on vanishing anomalous dimensions have been found in [§, P], 
see also |TD[, by an analysis of three-point functions of two |-BPS operators with 
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any other possible operator in a purely group theoretic fashion.0 This kinematical 
approach nicely complements our results in two ways: On the one hand our 
approach by considering four point functions is based on a 1/iV-expansion of 
certain four point functions and is thus dynamical. On the other hand, in the 
references given above, protected dimensions for operators with S'f/(4)R irreps 
contained in the reduction of [0,p, 0] ® [0, q, 0] for any p, q are obtained, whereas 
we only have results for even p, q. Nevertheless, we find vanishing anomalous 
dimensions for fields with 5'[/(4)/j irreps which are not contained in the reduction 
of any [0,p, 0] ® [0,g, 0], but which are contained in a chain of reductions. E.g. 
we get a protected dimension for a field with SU{4)ji irrep [0, 2, 4], which cannot 
be obtained by a single reduction from the above factors, but which is contained 
in the "triple" reduction 

(([0,2,0]® [0,2,0])® [0,2,0]) ©[0,2,0] 

= (([2,0,2]©---) ® [0,2,0]) ©[0,2,0] 

= ([2, 2, 2] ©••■)© [0, 2, 0] = [0, 2, 4] © ■■• . (10) 

2 The fusion procedure 

The general idea of our method to produce multitrace operators with protected 
dimensions is to consider a stepwise fusion process, which may be sketched by 

fig. E- 




2 3 4 



Figure 1: The fusion procedure 

In this picture each vertex denotes a fusion of the two incoming fields with 
protected dimensions to the outgoing one. By fusion we mean the formation of 
the normal product according to some rules given below and, since the normal 
product of two fields is in general reducible under 5*0(6)^, we have to project 
onto an S'0(6)/j irrep. 

The operators O2 are the single trace operators 

Oiix) = trsuiN){^^'^'^ - l^'S''}, (11) 
^We thank E. Sokatchev for bringing our attention to this point. 
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where i,j are S0{6)r vector labels and I denotes a basis of the twenty dimen- 
sional representation space of the symmetric traceless irrep of S0{6)ji under 
which O2 transforms. It is well known that as chiral primary operator has 
protected dimension 2 and we normalize its two-point function as 

{Oi^{x,)Oi^{x2)) = f^. (12) 

The operators "^Oi are multitrace operators, which appear in the normal prod- 
uct of the two incoming operators O2 and These fields transform in the 
irrep Di of S0{6)ji. 

The rules for the fusion procedure are: 

1. Discard S0{6)r representations with contractions and thereby all singular 
terms in operator product expansions ("block number conservation"). 

2. Admit only scalar intermediate quasi-primary fields. 

We will show that any irrep appearing in this sequence of fusions contains at 
least one field with protected dimension and that thus the dimension of this field 
equals the sum of the dimensions of its factors. 

We do not obtain every S0{6)r irrep if we start only with scalar factors. The 
set of fields,which are out of range of our fusion procedure with only scalar fields 
in the input, consists of fields with the following 5*0(6)^ irreps: 

{2r + 1, 2r + 1, 2s} with r > s, 

{2s,2r + l,2r + 1} with r < s. (13) 

But since these fields are spacetime vectors according to (|]), they are supersym- 
metric descendants of fields with Iq = 0. Since our proof holds for the Iq = 
fields, we can conclude that the fields with S0{6)r irrep ([T3| ) also have protected 
conformal dimension. 

2.1 The first and simplest example 

Besides being illustrative, the first step of the fusion procedure is the start of our 
inductive proof, so we repeat the arguments contained in [|Tl|, H, |T2|, O], which are 
useful for us. The S0{6)r representation of the operator product 02^{xi)02^{x2) 
decomposes into irreps 

{2, 0, 0} ® {2, 0, 0} ={4, 0, 0} © {3, 1, 0} © {2, 2, 0} 

©{2, 0,0} ©{1,1,0} ©{0,0,0}. (14) 

The irreps in the second line contain at least one contraction and are discarded ac- 
cording to rule 1. Then the four-point function {02^ {xi)02^ {x2)02^ {x3)02'^ {xi}) 
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can be analyzed in terms of conformal partial waves, where each partial wave 
transforms under S0{6)r in one of the irreps of the right hand side of (Q). This 
four-point function is calculated in [11] up to order 0(l/iV^) at strong coupling 
by an AdS/CFT calculation. The result has the following form 



1^2 



Jll 



phl2,JlJ2 
-^{4-r,r,0} 



, r=0 



+ 



-j^ 2 
r=0 



'{4— r,r. 



0}(m, Y)(f){u, V) + fi{4-r,r,0}{u, Y) 



-yI\l2,JlJ2 
{4-r,r,0} 



+ 0{j^) + discarded irreps ^, (15) 



where we used the biharmonic conformal invariants 



u 



/Y«2 ^2 
•^12-^34 
2 2 ' 



■^13"''24 



1 - 



which are suited for an operator product expansion of 
have 



(16) 

since in this case we 



X12 ^ 0, 0:34 ^ ^ M 0, f — > 1, F ^ 0. 

The representation dependent functions A{4_j.^r,o} ("W; ^) are given by 

A|4,o,o}(w,>^) =w'(l->^), 
A{3,i,o}(n,F) = nr(l-r), 

A{2,2,o}(«, F) = ^^.(1 - F)(2 - F) - 1^.2(1 - r)^ 



as well as 



/i{4,o,o}(^,n = 4u'(l-n 

/i{3,l,0}(M,^) = 
/i{2,2,0}(w,n = -2w'(l->')- 



Moreover we need a generalized hypergeometric function ||r^ [13 

,n+2+e 



(m, w) = -4 
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E 



u 



r n + S + eVr n + 4 + e 



e=0 n>0 



r(n + i + £) 



r(2n + 6 + 2£) 

r;, + 3 + £:,r;, + 2 + £ 
2n + 6 + 2e 



;i7) 



(19) 



■\-v 



(20) 
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To obtain the contribution of an exchanged field, which transforms in an irrep 
{4 — r, r, 0}, r = 0, 1, 2, of the first fine of the right hand side of (0), we have 
to project onto this irrep by the respective projection operator P{4_r,r,o}- Since 
these projectors are mutually orthogonal, application of P{4-r,r,o} to (|15D gives 
only terms proportional to -P{4-r,r,o} on the right hand side. 

Note that the logarithmic terms, which appear at l/N"^, have the form (su- 
pressing indices) 

P{4:-r,rfi}{0000) ~ log u ( + higher powers in u) , (21) 

~log 

with p = 2 if r = 0, 2 and p = 1 if r = 1. 

The general form of the exchange of a partial wave with dimension 5 and 
spacetime tensor rank / produced from two scalar fields of dimensions Ai and A2 



can be found with the help of the "master formula" of |]15 

(^?3)-^H^24)-^^C'^A,A. n'^^'-'''-^'-''^fM{u, 1 - v), (22) 

M=0 

where Jm is an analytic function in (m, 1 — v) with /a/ (0, 1 — f) 7^ 0, and C;^Ai,A2 is 
a constant containing the normalization of the exchanged field and the coupling 
of the external fields to the exchanged one. The dimension 6 of the exchanged 
composite operator built out of the components with dimensions Ai and A2 is 
given by 

(5 = Ai + A2 + / + 2t + rm. (23) 



Plugging this formula into ( P^ and expanding u^'-' = 1 + 77/^4 log m + • ■ ■ we see 
that the leading term proportional to logw begins with the constant rjig^Q. To 
achieve agreement with the strong coupling result (|2T|) , rji^^o must be zero at 
strong coupling and we conclude that rji^fi vanishes at all. 

Now we take a closer look at the four point function leading to the exchange 
of the field with S'0(6)r irrep {3, 1,0} and observe that it has a factor Y. The 
Taylor expansion of Y in terms of X12, 2^34 starts with 

2 



^24 

On the other hand, the numerator in the two-point function of a conformal vector 
field contains the tensor 

t,Ax) = S,. - (25) 

This indicates that the exchanged field with 5*0(6)^ irrep {3,1,0} is indeed a 
vector field, in agreement with (|^). 
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2.2 The second example 



We now consider the fusion '^l]^'f^^'^'^^y{xi)Ol''{x2), which was also done in [0. 



{2A;-2,0,0} 

According to Skiba's theorem 0, the scalar field ^{2fc-2,o,o} has protected con- 
formal dimension and this dimension therefore equals 2k — 2. We want to show 
that the fusion products also have protected dimension. To this end we again 
consider the four-point function 

"^itim i^M' (^3)(^2^ (^4) ) . (26) 

This four-point function is calculated up to order 0{1/N'^) by inserting the four- 
point function ([15|) into the 2k point function 

fc-l k-l , 

n Oi^{x^(^)Oi^{x,) n Oi^{xt^)Oi^{xM (27) 
in all possible ways. In principle it is possible that there are also contributions 



Figure 2: Contributions to the six-point functions of order 0{1/N'^) 

of two three point correlators, which are of order 0{1/N) each, to the 2k point 
function for > 3, see fig. |[ However, it is pointed out in [|l7l that discarding 
of SO{Q)r contractions eliminates these contributions in calculations up to order 
0(l/N^). 

The next step in obtaining the four-point function (^) is the projection of 
2k — 2 S0{6)r indices of the 2k point function (pTl) onto the {2k — 2, 0, 0} irrep. 

(r) 

Then we perform the "local limit" x\ ^ Xi to obtain the four-point function 
(|26D. Finally we project onto the irreps which occur in the normal product 

{2k - 2, 0, 0} ® {2, 0, 0} = {2k, 0, 0} © {2A; - 1, 1, 0} © {2k - 2, 2, 0} 

+ irreps with contractions. (28) 
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The result of this computation found in yields for any irrep {2k — r, r, 0}, 
re {0,1, 2}, 



n^ttm^^^^ ) = {xi,r''^^\xi,r\k - 1)! 



a{k,r) + h{k,r){l-Yy 
1 



+ 



Ar2 



c{k,r) + d{k,r)[l-Yy 



+ e(/c, r) [I-YY \{i-r,rfi}{u, Y)(t){u, v) + /i{4-r,r,0}(M, ^) 



+ 0(l/iV^) P, 



{2k-r,r,0} 



+ irreps with contractions. 

(29) 



The functions /i. A, are the same as in (p!8|),(p!9|),(pOD and the coefficient functions 
a, b, c, d, e are given in table |I]. 



Table 1: Table of coefficients a-e 





a 


b 


c 


d 


e 


{2k, 0,0} 
{2A;- 1,1,0} 
{2A; -2,2,0} 


1 
1 
1 


k-1 

-1 
k-1 


{k- 
{k- 
(k- 


l){k 
l){k 
l){k 


to to to 


{k-l){k-2){k + l) 
-{k-l){k-2) 
Uk-m-2) 


k-1 
k-1 
k-1 



By the general rule (^), in the case r = 1 we expect that the exchanged 
partial wave of lowest spacetime tensor rank is a vector. Therefore we must have 
proportionality with Y. This is in fact true since from the second line of table |I] 
we read off that 

a{k,l) + b{k,l) = 

c{k,l) + d{k, 1) = 0, (30) 

and A{3^i^o}(^! ^) and fi{s^ifiy{u,Y) allow to factor Y, see ([T8|) , ([T9|) . 

Since the terms proportional to logu all stem from the 0(1/A^^) contributions 
of the four point function, they are at least of order u, and comparison with 
( p2D reveals again that the anomalous dimension of the composite field with 
minimal dimension vanishes. More precisely, in the case {2k, 0, 0} the dimensions 
6 = 2k, 2fc + 2 do not acquire an anomalous term, while for the other two cases 
only the fields with minimal conformal dimension 6 = 2k, 6 = 2k + 1 for the scalar 
and the vector, respectively, have vanishing anomalous dimensions. 
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We mention finally that the effective perturbation expansion parameter in (p9|) 
is obviously and not which must be much smaller than one to enable such 
an expansion. From the critical nonlinear 0{N) sigma model a similar behavior 
is known, where the effective expansion parameter is 
the number of fusions of fundamental fields. 



JV172 



16 , where k denotes 



3 The general case 

For the general case we consider the fusion of a scalar normal product ^{ri,r2,r3}! 
where rj are all even, of protected conformal dimension A = 2k — 2 = ri + r2 + 
with We claim that to any irrep of S0{6)r appearing in the reduction of 
{ri,r2,r3} {2,0,0} respecting the fusion rules belongs at least one field with 
vanishing anomalous dimension. The proof goes along similar lines as before. 
First we calculate the four-point function 

{"^tr^'^^lM^^^^^^ (31) 

by evaluating the 2k point function 

,fc-l fc-1 V 

( n ^2 i4^)o^' (^2) n (^t^)^^' (^4) ) (32) 

V=l r=l ' 

up to order 0(1/A^^). In this calculation we are confronted with the following 
graphs: 

• At order 0(1) the 2k point function decomposes into a product of two-point 
functions (see fig. |^). 

• At order 0(1/A^^) we have to distribute respectively two legs of the 0(1/A^^) 
part of the four point function (^) to the external points x^{\ X2 and , X4 
in all possible ways. Then we must connect the residing external points via 
two point functions. This leads to four classes of graphs shown in figures 

Then we sum up the k\ graphs from 0(1) and the (2)^(fc — 2)! graphs from 

0(1/A^^). To be able to perform the local limit xf'^ x-i we must first project 
onto the incoming irreps. In this limit we then obtain the four-point function 

In the following step we project onto the block-conserving irreps {f'ii^'2i^'^\i 
which occur in the reduction of {ri, r2, r-{\® {2, 0, 0}. Thus we need the following 
projections: 
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At order 0(1) 



pJi.. 



■Jk 

-2.^3} ^1- 



pKi...Kk^: 
-ih {n,r2,r3} 



h-Ik 



2,0,0} Jm' 



(33) 



m=l 



and at order 0(1/A^^), say for class (4), see fig. ^ 



fc-2 

pLi...Lk-lJk pKl...Kk_i I I p/m pik-llk 

^{r'^yy} Ki...Kk-iIk {ri,r2,r3} h-h-l 11 M2,0,0} J„M4-r,r,0} Jfc_iJfe 



m=l 



{n,r2!r3}Li...Lfe_i- (^4) 



To avoid the evaluation of these projectors we make an ansatz for the four-point 
function 



pLi...Lk pKi...Kk / ^h---Ik^i 



(X' 



+ 



13) 



7V2 



fc:.t-3\(^3)02'H^4; 

c + d{i-yY 

+ o(l/A^^)|p^tr;^,;f■■■^^ (35) 



The functions A, B,C, D, E are polynomials resulting from the combinatorics of 
the graphs contributing to this four point function. They depend on the represen- 
tations {r'i,r2,r'^} and on {ri,r2,rs}. In the local limit two (four) external legs 
of the four point function eventually coincide, as one can see from the graphs of 
class (1), (2) and (3). This means that we must evaluate the bracket containing 
X(f) + fi ai u = Y = 0, which gives rise to the C and D function. The factor 
(1 — Y^ arises from crossing, namely a propagator (^23)"^ or (xf^)'^. In the case 
of /o = 1 (two are odd and the third is even) we have the constraints 



A + B = 0, 
C + D = 0. 



(36) 



Finally the same argument for the protectedness of the conformal dimension 
of quasiprimary fields with S0{6)r representation and spacetime tensor rank 
I = Iq E {0,1} applies. We compare the terms proportional to logw in the 
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operator product expansion from ( pS] ) with those from the generic exchange (p^) 
and observe that the former starts with (at least) one power of u, while the latter 
begins with a constant. Therefore we conclude that the fields with minimal 
canonical conformal dimension have vanishing anomalous dimension, i.e. the 
canonical conformal dimension is exact. 
This completes the proof. 



4 Summary 

In this note we described a simple method of finding quasiprimary fields with 
protected conformal dimensions in A/" = 4 supersymmetric Yang-Mills theory in 
four dimensions in a recursive way. We find vanishing anomalous dimensions for 
spacetime scalars as well as spacetime vectors. We noted that the vectors are 
supersymmetry descendants of spacetime scalars with the same number of O2 
constituents, thus inheriting the protectedness of the conformal dimension from 
the scalars. 
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Appendix: Graphs contributing to 2k point func- 
tions 




Figure 3: contribution: The 2k point function decomposes into a product 

of two-point functions 




Figure 4: Class (1) graphs where both pairs of legs coincide. 
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(1) 




Figure 5: Class (2) graphs where the left pair of legs of the four-point function 
insertion coincide. The class (3) graphs are analogous to the class (2) graphs, 
with the right pair of legs of the inserted four point function coinciding. 




Figure 6: Class (4) graphs: no legs of the inserted four point function coincide 
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